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and Jie-Qiao Liao1,∗∗
The quantum thermalization of the Jaynes-Cummings
(JC) model in both equilibrium and non-equilibrium
open-system cases is sdudied, in which the two sub-
systems, a two-level system and a single-mode bosonic
field, are in contact with either two individual heat baths
or a common heat bath. It is found that in the individual
heat-bath case, the JC model can only be thermalized
when either the two heat baths have the same tempera-
ture or the coupling of the JC system to one of the two
baths is turned off. In the common heat-bath case, the
JC system can be thermalized irrespective of the bath
temperature and the system-bath coupling strengths.
The thermal entanglement in this system is also studied.
A counterintuitive phenomenon of vanishing thermal
entanglement in the JC system is found and proved.
1 Introduction
The Jaynes-Cummings (JC) model, [1] which describes
the interaction of a two-level system (TLS) with a single-
mode bosonic field, [2] is considered as one of the most
important and basic models in quantum optics. [3] The
JC model not only plays a significant role in the under-
standing of matter-filed interactions in various branches
of modern physics such as atomic physics, quantum op-
tics, and solid-state physics, but also has wide applica-
tions in frontier quantum technologies including quan-
tum control, quantum precision measurement, and quan-
tum information processing. [4, 5] So far, many important
physical effects and phenomena have been observed in
the JC model, such as the quantization of electromag-
netic fields, [6] the vacuum Rabi splitting, [7–14] and the
collapse and revival of the inversion population of the
TLS. [15, 16] All the phenomena observed are subjected to
the influence of the dissipations because quantum sys-
tems are inevitably coupled to their environments. In par-
ticular, many interesting observations are based on the
steady state of the JC system. Therefore, quantum statis-
tical physics such as quantum thermalization [17, 18] and
thermal entanglement [19, 20] are significant research top-
ics in the open JC model.
With the development of experimental techniques,
the JC model can be implemented with more and more
physical systems. [3] As a result, the couplings of the JC
system with its environments are enriched because the
TLS and the bosonic mode of the JC model could be
in contact with either two individual heat baths (IHBs)
or a common heat bath (CHB). In most previous stud-
ies, the dissipations of the JC model are introduced by
phenomenologically adding the independent Lindblad
dissipators for the TLS and the bosonic mode into the
Liouville equation. [17, 21, 22] This treatment will lead to
unphysical results when the coupling strength between
the subsystems is much larger than their decay rates. [23]
Therefore, a microscopic derivation of quantum master
equation [23–29] describing the evolution of the JC model
in both the IHB and CHB cases becomes an important and
desired task. [30–32] We note that some attention has been
paid to the study of equilibrium and non-equilibrium
steady states in composite quantum systems by deriving
quantum master equations in the dressed-state represen-
tation of the coupled systems. [33–39] For example, quan-
tum thermalization and entanglement of two coupled
two-level atoms have been studied in the dressed-state
representation, [33] and the quantum statistical proper-
ties of the open quantum Rabi model have been studied
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in the eigenstate representation. [37] In addition, many
topics in statistical physics have been studied based on
the microscopically derived quantum master equation
in coupled-atom systems [40–49] and coupled-harmonic-
oscillator systems. [30, 50]
In this paper, we study quantum thermalization and
thermal entanglement of the JC model in either the IHB or
the CHB case. We treat the JC model as an effective multi-
level system and derive the quantum master equations in
the eigenstate representation. We introduce the effective
temperatures associated with any two eigenstates, and
study the thermalization of the JC model by inspecting
whether the steady-state density matrix of the JC system
can be written as a thermal equilibrium state. In the IHB
case, we find that when the two IHBs have the same (dif-
ferent) temperatures, the JC model can (cannot) be ther-
malized with the same temperature as those of these two
IHBs. In particular, when the coupling of one of two sub-
systems with the corresponding heat bath is turned off,
the JC system can be thermalized with the contacted heat
bath. In the CHB case, the JC system can reach a thermal
equilibrium with the common bath. In addition, we study
quantum entanglement between the TLS and the bosonic
mode by calculating the logarithmic negativity of the ther-
mal equilibrium state. We find and show a counterintu-
itive phenomenon of vanishing thermal entanglement in
the JC system.
2 Model and Hamiltonian
We consider the JC model (Figure 1), which describes the
interaction of a TLS with a single-mode bosonic field. The
Hamiltonian of the JC model reads [1]
HJC = ħω0
2
σz +ħωca†a+ħg (a†σ−+σ+a). (1)
Here the TLS is described by the Pauli operatorsσx=|e〉〈g |+
|g 〉〈e|, σy = i (|g 〉〈e|− |e〉〈g |), and σz=|e〉〈e|−
|g 〉〈g |, which are defined based on the excited state |e〉
and the ground state |g 〉, with the energy separation ħω0.
The raising and lowering operators in equation (1) are
defined by σ±=(σx ± iσy )/2. The operator a (a†) is the
annihilation (creation) operator of the bosonic field with
resonance frequency ωc . The last term in equation (1) de-
scribes the JC-type interaction between the TLS and the
bosonic mode, with g being the coupling strength.
In a system depicted by the JC model, the total exci-
tation number operator N = a†a+σ+σ− is a conserved
quantity based on the commutative relation [N ,HJC]= 0.
Therefore, the whole Hilbert space of the system can be
decomposed into a series of subspaces with different ex-
(b)
(a)
c
g
g
ω0 ω
T
JC  model
(c)
Bare states Eigenstates
|g,3〉
|g,2〉
|g,1〉 |e,3〉|e,2〉|e,1〉|e,0〉
|g,0〉 Ω3Ω2Ω1 |E7〉|ɛ3,+〉 |E6〉|ɛ3,−〉 |E5〉|ɛ2,+〉 |E4〉|ɛ2,−〉 |E3〉|ɛ1,+〉 |E2〉|ɛ1,−〉
|E1〉|ɛ0,0〉Tσ Taω0 cωJC  model heat bathheat bath heat bath
Figure 1. Schematic diagram of the open JC model in the a)
individual and b) common heat-bath cases, in which the two
subsystems: a two-level system and a single-mode bosonic
field, are coupled to two individual heat baths or a common
heat bath. c) The bare states and eigenstates (dressed states)
of the JC model.
citation numbers n (n = 0,1,2,3, · · ·). In the n-excitation
subspace, the eigenequation of the Hamiltonian can be
expressed as HJC|εn,αn 〉 = ħεn,αn |εn,αn 〉, n = 0,1,2, · · · ,
where α0 = 0 for n = 0 and αn = ± for n ≥ 1. In the
zero-excitation subspace, the eigenstate is |ε0,0〉 = |g ,0〉
and the eigenenergy is ε0,0 = −ħω0/2. In the nonzero n-
excitation subspace, the eigenstates and eigenvalues are
defined by |εn,+〉 = cos(θn/2)|e〉|n−1〉+ sin(θn/2)|g 〉|n〉,
|εn,−〉 =−sin(θn/2)|e〉|n−1〉+cos(θn/2)|g 〉|n〉, and εn,± =
ħωc (n −1/2)±ħΩn/2, where the mixing angle θn is de-
fined by tanθn = 2g
p
n/δ, and the Rabi frequency Ωn =√
δ2+4g 2n is introduced, with δ=ω0−ωc being the de-
tuning.
In terms of these eigenstates, the JC Hamiltonian can
be expressed in the eigenstate representation as HJC =∑∞
n=0
∑
αn ħεn,αn |εn,αn 〉〈εn,αn |. We note that many inter-
esting physical effects in the JC system can be explained
based on its eigensystem. For example, (i) the transitions
from states |ε1,±〉 to |ε0,0〉 correspond to two peaks in the
vacuum Rabi splitting spectrum. (ii) The JC model pre-
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dicts a characteristic nonlinearity of
p
n in the resonant
case. These effects have been demonstrated in cavity-QED
[5] and circuit-QED [10, 14, 51] systems.
In a realistic situation, the TLS and the bosonic field
couple inevitably with the environments surrounding
them. In this paper, we shall consider two kinds of dif-
ferent cases: one is the IHB case [Figure 1a] and the
other is the CHB case [Figure 1b]. In the IHB case, the
TLS and the bosonic mode are coupled to two individual
heat baths. The free Hamiltonian of the two baths reads
H (IHB)B =
∑
q ħωqc†qcq +
∑
k ħωkb†kbk , where the creation
and annihilation operators c†q (b
†
k ) and cq (bk ) describe
the qth (kth) harmonic oscillator with frequency ωq (ωk )
in the heat bath of the TLS (bosonic mode). The interac-
tion Hamiltonian of the JC model with the two baths reads
H (IHB)I =
∑
q
ħλqσx (c†q + cq )+
∑
k
ħηk (a†+a)(b†k +bk ), (2)
where λq (ηk ) is the coupling strength between the TLS
(bosonic field) and the qth (kth) mode of its bath.
In the CHB case, as shown in Figure 1b, the TLS and
the bosonic mode are immersed in a CHB with the Hamil-
tonian H (CHB)B =
∑
k ħωkc†kck , where c†k and ck are, respec-
tively, the creation and annihilation operators of the kth
harmonic oscillator with the resonance frequency ωk of
the CHB. The interaction Hamiltonian between the JC
system and the CHB reads
H (CHB)I =
∑
k
ħλkσx (c†k + ck )+
∑
k
ħηk (a†+a)(c†k + ck ), (3)
where λk (ηk ) is the coupling strength between the TLS
(bosonic field) and the kth mode of the CHB.
In both the IHB and CHB cases, the total Hamiltonian
of the system can be written as H = HJC+H (s)B +H (s)I for
s = “IHB" and “CHB", which is schematically shown in
Figures 1a and 1b, where HJC is the JC Hamiltonian, H
(s)
B
and H (s)I are the bath Hamiltonians and the interaction
Hamiltonians between the JC system and its baths in the
IHB and CHB cases, respectively.
3 Quantum thermalization in the IHB
case
In this section, we study quantum thermalization of the JC
model in the IHB case. A dressed-state quantum master
equation will be derived to govern the evolution of the
JC model. By introducing effective temperatures, we will
analyze the thermalization problem of the JC system.
3.1 Quantum master equation
To describe the damping effects in this system, we will de-
rive the quantum master equation by employing the stan-
dard Born-Markov approximation under the condition of
weak system-bath couplings and short bath correlation
times. [17] In particular, we will derive the quantum master
equation in the eigenstate representation of the JC Hamil-
tonian. When the TLS and the bosonic mode are coupled
to two individual heat baths, the coupling between the JC
system with their baths is described by Hamiltonian (2).
Below, we will derive the quantum master equation in the
interaction picture with respect to the free Hamiltonian
H0 =HJC+H IHBB . Within the Born-Markov framework, the
equation for the reduced density matrix of the system in
the interaction picture can be written as [17]
d
dt
ρ˜S(t )=−
∫ ∞
0
dt ′TrB [HI (t ), [HI (t−t ′), ρ˜S(t )⊗ρB ]], (4)
where ρ˜S(t) is the reduced density matrix of the JC sys-
tem in the interaction picture. The system-bath interac-
tion Hamiltonian in the interaction picture is defined by
HI (t )= e iH0t/ħH IHBI e−iH0t/ħ. By substituting the Hamilto-
nians HI (t) and HI (t − t ′) into equation (4) and making
the secular approximation, we can obtain the quantum
master equation in the interaction picture as
d
dt
ρ˜S(t )= LIHB[ρ˜S(t )] =
∞∑
n=0
∑
αn ,βn
∑
l=σ,a
1
2
γl (ωn,αn+1,βn )
×|χl ,αn+1,βn |2[n¯l (ωn,αn+1,βn )+1]
×D[|εn,βn 〉〈εn+1,αn+1 |]ρ˜S(t )
+
∞∑
n=0
∑
αn ,βn
∑
l=σ,a
1
2
γl (ωn,αn+1,βn )
×|χl ,αn+1,βn |2n¯l (ωn,αn+1,βn )
×D[|εn+1,αn+1〉〈εn,βn |]ρ˜S(t ), (5)
with the Lindblad superoperatorD[O]ρ˜S(t ) defined by
D[O]ρ˜S(t )= 2Oρ˜(t )SO†− ρ˜S(t )O†O−O†Oρ˜S(t ).
In equation (5), the decay rates related to the dissi-
pation channels of the TLS and the bosonic mode are
defined by
γσ(ωn,αn+1,βn )=2pi%σ(ωn,αn+1,βn )λ2(ωn,αn+1,βn ), (6a)
γa(ωn,αn+1,βn )=2pi%a(ωn,αn+1,βn )η2(ωn,αn+1,βn ), (6b)
where %σ(ωq ) and %a(ωk ) are, respectively, the spectral
density functions of the heat baths in contact with the
TLS and the bosonic mode, and ωn,αn+1,βn = εn+1,αn+1 −
εn,βn represent the energy separation between the two
Copyright line will be provided by the publisher 3
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eigenstates |εn+1,αn+1〉 and |εn,βn 〉 of the JC Hamilto-
nian. In our simulations, we assume that the decay rates
γσ(ωn,αn+1,βn )= γσ and γa(ωn,αn+1,βn )= γa , which means
that the decay rates associated with all the transitions
induced by the same subsystem are identical.
The transition coefficients in equation (5) induced
by the system-environment coupling terms can be cal-
culated as χσ,αn+1,βn = 〈εn+1,αn+1 |σx |εn,βn 〉, χa,αn+1,βn =
〈εn+1,αn+1 |(a+a†)|εn,βn 〉. The average thermal excitation
numbers in equation (5) are defined by n¯s=σ,a(ω) =
1/[exp(ħω/kBTs)−1], where kB is the Boltzmann constant,
ħω denotes the energy separation associated with the two
eigenstates involved, and Tσ and Ta are the temperatures
of the heat baths of the TLS and the bosonic mode, respec-
tively.
According to the transformation ρS(t )= e−iHJCt/ħρ˜S(t )
e iHJCt/ħ and quantum master equation in the interaction
picture, the quantum master equation in the Schrödinger
picture can be obtained as
d
dt
ρS(t )=− iħ [HJC,ρS(t )]+LIHB[ρS(t )], (7)
where ρS(t ) is the reduced density matrix of the JC system
in the Schrödinger picture, and the dissipator LIHB[ρS(t )]
has the same form as equation (5) under the replacement
of ρ˜S(t )→ ρS(t ).
In this system, the system-environment couplings
will induce transitions between the eigenstates of the
JC model. The transition selection rule between these
eigenstates can be found by calculating the transition
matrix elements of the operators σx and (a+ a†) in the
eigenstate representation. As an example, below we ana-
lyze the transition matrix elements in the resonant case
δ= 0. We obtain these matrix elements between the zero-
excitation state and the two one-excitation eigenstates as
〈ε1±|σx |ε0,0〉 =±1/
p
2 and 〈ε1±|(a†+a)|ε0,0〉 = 1/
p
2. Sim-
ilarly, the transition matrix elements between the eigen-
states in the n- and (n+1)-excitation (n > 0) subspaces
can be obtained as
〈εm+|σx |εn±〉 =1
2
(δn,m−1±δn,m+1), (8a)
〈εm−|σx |εn±〉 =1
2
(−δn,m−1±δn,m+1), (8b)
〈εm+|(a†+a)|εn±〉 =1
2
[(
p
m±pm−1)δn,m−1
+ (pm+1±pm)δn,m+1], (8c)
〈εm−|(a†+a)|εn±〉 =1
2
[(
p
m∓pm−1)δn,m−1
+ (pm+1∓pm)δn,m+1]. (8d)
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Figure 2. The scaled effective temperatures kBTeff(ωm,n)
/ħω0 as functions of the energy-level indexes m and n in
various cases: a) kBTa/ħω0 = kBTσ/ħω0 = 2 and γσ/ω0 =
γa/ω0 = 0.0001. b)-d) kBTa/ħω0 = 1.5, kBTσ/ħω0 = 2.5,
γσ/ω0 = 0.0001, and γa/γσ = 0.5, 1, and 2. e) The steady-
state populations pn of the eigenstates |En〉. The parameters
of these bars correspond to these four cases in panels (a)-(d),
respectively. The blue (first group) bars represent the popula-
tions of a thermal state at kBT /ħω0 = 2. The five contiguous
color bars represent the distribution of the same eigenstate
|En〉 in five different situations. Other used parameters are
ωa/ω0 = 1 and g/ω0 = 0.02.
Here, we can see that the transitions induced by
the system-environment couplings can only take place
between the eigenstates in the neighboring excitation-
number subspaces, this is because the operators σx and
(a+a†) in the system-environment coupling terms lead
to the change of one excitation in the transition processes.
In addition, the two states in the n-excitation subspace
will be coupled to all the states in both the (n−1)- and
(n+1)-excitation subspaces.
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3.2 Quantum thermalization
We now turn to the study of quantum thermalization of
the JC system based on the steady-state solution of quan-
tum master equation (7). It is well known that the quan-
tum thermalization [17] is an irreversibly dynamic process
via which a quantum system approaches a thermal equi-
librium with the same temperature as that of the bath
surrounding it. The JC system in a thermal equilibrium
at temperature T is described by the density matrix of
the thermal state ρth(T ) = Z−1JC exp[−HJC/(kBT )], which
depends on the Hamiltonian HJC and the bath temper-
ature T , where ZJC = TrJC{exp[−HJC/(kBT )]} is the parti-
tion function of the thermalized JC system. During the
process of a quantum thermalization, all the initial-state
information of the thermalized system is totally erased
by its environment. In the present system, when the cou-
pling strength between the TLS and the bosonic mode is
stronger than the system-bath couplings, the physical sys-
tem should be regarded as an effective multiple-level sys-
tem (i.e., the JC system in the eigenstate representation)
coupled to two IHBs. The dynamical evolution of the JC
system approaching to its steady state can be understood
as a non-equilibrium quantum thermalization: thermal-
ization of a multi-level quantum system coupled to two
IHBs at the the same or different temperatures. [52–55] In
the steady state, the JC model is in a completely mixed
state in the eigenstate representation. So we can introduce
some effective temperatures to characterize the relation
between any two eigenstates according to their steady-
state populations. If all these temperatures defined based
on these energy levels are the same, then we regard as the
thermalization of the JC system. In this case, the density
matrix of the system can be described by the thermal state
ρth(T ).
To facilitate the marking of the eigenstates, we mark
these eigenstates of the JC model as |En〉 starting from
the lowest energy level, namely |ε0,0〉→ |E1〉, |ε1,−〉→ |E2〉,
|ε1,+〉 → |E3〉, · · · , |εn,−〉 → |E2n〉, |εn,+〉 → |E2n+1〉, · · · . We
also denote the energy separation between the two eigen-
states |Em〉 and |En〉 as ħωmn = Em −En , and the popu-
lations of the states |Em〉 and |En〉 as pm and pn . Then,
it is natural to define the frequency-dependent effective
temperature as Teff(ωmn)= (ħωmn/kB )[ln(pm/pn)]−1.
Based on these effective temperatures, we can charac-
terize the thermalization of the JC system. By numerically
solving the equations of motion of these density matrix
elements 〈En |ρss|Em〉 based on equation (7) under the
replacement of ddt ρs(t )→ 0 with Mathematica, we get the
steady-state density operator elements 〈En |ρss|Em〉 of the
system, then the population pn = 〈En |ρss|En〉 of the eigen-
state |En〉 and the effective temperatures Teff(ωmn) can be
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Figure 3. The scaled effective temperatures kBTeff(ωm,n)
/ħω0 as functions of the energy-level indexes m and n when
a) γa/ω0 = 0, γσ/ω0 = 0.0001, kBTσ/ħω0 = 2, b) γa/ω0 =
γσ/ω0 = 0.0001, kBTa/ħω0 = 0, kBTσ/ħω0 = 2, c) γσ/ω0 =
0, γa/ω0 = 0.0001, kBTa/ħω0 = 1, and d) γa/ω0 = γσ/ω0 =
0.0001, kBTa/ħω0 = 1, kBTσ/ħω0 = 0. e) The steady-state
populations pn of the eigenstates |En〉, the parameters of
green and yellow bars correspond to these cases of (a) and (b),
respectively. The blue bars (the first group) correspond to the
populations of the thermal state at kBT /ħω0 = 2. f) The steady-
state populations pn of the eigenstates |En〉, the parameters
of green and yellow bars correspond to these cases of (c) and
(d), respectively. The blue bars (the first group) correspond to
the populations of the thermal state at kBT /ħω0 = 1. Other
used parameters are the same as those given in Figure 2.
calculated accordingly. In our realistic numerical simula-
tions, we need to truncate the dimension of the Hilbert
space of the bosonic field so that
∑nd
n=1〈En |ρss|En〉 is ap-
proximately normalized. Here we choose the truncation
dimension of the bosonic field as nd = 17.
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In Figure 2, we plot the effective temperaturesTeff(ωmn)
as functions of the energy-level indexes m and n when
the bath temperatures Tσ and Ta take various values. Fig-
ures 2a and 2b-d correspond to the cases of Tσ = Ta
and Tσ 6= Ta , respectively. We find that the JC system
can be thermalized when the two heat baths have the
same temperatures Tσ = Ta , as shown in Figure 2a. In
this case, the temperature of the thermalized JC system is
the same as those of the two baths, and the density ma-
trix of the JC system can be written as the thermal state.
In particular, the thermalization of the system is inde-
pendent of the nonzero values of the decay rates. When
Tσ 6= Ta (see Figures 2b-d), the system cannot be thermal-
ized because these temperatures associated with these
energy-level pairs have different values, and hence the
steady state cannot be expressed as the thermal equilib-
rium density matrix. In order to understand the thermal-
ization in the JC system, we plot the steady-state popu-
lations pn of the JC eigenstate |En〉 in Figure 2e. When
kBTa/ħω0 = kBTσ/ħω0 = 2, namely, the temperatures
of the two IHBs are the same, we find that the steady-
state populations pn are the same as those of the thermal
state (the first group bars numbered from the left) with
the same temperature as the two IHBs. This is a signa-
ture of thermalization. However, when the temperatures
of the two IHBs are different from each other, for exam-
ple kBTa/ħω0 = 1.5 and kBTσ/ħω0 = 2.5, the steady-state
populations pn always differ from those for the thermal
state.
We emphasize that the configuration of the system-
bath couplings is very important for the thermaliza-
tion. We have shown that, when the temperatures of the
two baths are different, the JC system cannot be ther-
malized. The results will be changed when one of the
system-bath couplings is turned off. To address this point,
in Figure 3, we show the scaled effective temperatures
kBTeff(ωm,n)/ħω0 as functions of the energy level indexes
m and n. Specifically, Figures 3a and 3b show the results
when the bosonic-field bath is decoupled [Figure 3a] and
the bath of the bosonic field is at zero temperature [Fig-
ure 3b], respectively. We find that when only one IHB is
coupled to the system, the system can be thermalized.
However, when the two IHBs are both coupled to the sys-
tem at different temperatures, the system cannot be ther-
malized though one of the two IHBs is at zero tempera-
ture. This observation also works in the case where the
bath of the TLS is decoupled from the system or at zero
temperature (see Figures 3c and 3d). The JC system can
be thermalized in the coupling of one IHB case and can-
not be thermalized in the nonequilibrium (two different
temperatures) two-IHB case. We note that quantum ther-
malization of the JC model in the single-cavity-bath case
has been studied in Ref. [8]. In Figures 3e, f, we plot the
steady-state populations pn of the eigenstates |En〉 cor-
responding to the cases in Figures 3a-d. We can see that
when the bath of the TLS (bosonic mode) is decoupled,
the steady-state populations of the system are the same as
those of the thermal state at the same temperature as the
coupled bath. While the steady-state populations differ
from the thermal-state populations when the tempera-
tures of the two baths are different. It indicates that the
JC system can be thermalized when only one bath is cou-
pled while it cannot be thermalized when the coupled two
IHBs are at different temperatures, even when one of the
two baths is at zero temperature.
The thermalization result can also be evaluated by cal-
culating the trace distance between the steady-state den-
sity matrix ρss and the thermal state density matrix ρth
corresponding to the JC model. The trace distance [56] be-
tween these two density matrices is defined byD
(
ρss,ρth
)≡
1
2‖ρss−ρth‖1, where we introduce the trace norm for an
operator A as ‖A‖1 ≡Tr[
p
A†A].
In the steady state of the system, the non-diagonal
matrix elements of the density matrix ρss expressed in the
eigenstate representation are 0, that is, 〈En |ρss|Em〉 = 0
for m 6= n, then the steady-state density matrix ρss of the
JC system can be expressed as ρss = ∑∞n=1 pssn |En〉〈En |,
where pssn denotes the probability corresponding to the
eigenstate |En〉.
When the JC system is in a thermal equilibrium at
the inverse temperature β, the density matrix ρth can
be written in the eigenstate representation as ρth =∑∞
n=1 p
th
n |En〉〈En |, where pthn = Z−1JC e−βEn denotes the
thermal-state probability corresponding to the eigenstate
|En〉. The trace distance between the steady-state and
thermal-state density matrices can be obtained as
D
(
ρss,ρth
)= 1
2
∥∥∥∥ ∞∑
n=1
(
pssn −pthn
)
|En〉〈En |
∥∥∥∥
1
. (9)
Below we check the trace distance D between the
steady state of the open JC system and a referenced ther-
mal state. In the IHB case, when the temperatures of the
two baths are different, the temperature of the referenced
thermal state is taken as a value between the two bath
temperatures. If the trace distance D is zero for one of
the value of the referenced temperature, it means that
the open JC system is thermalized into a thermal equilib-
rium state at the referenced temperature. In Figure 4, we
plot the trace distance D between the steady-state den-
sity matrix and a referenced thermal state as a function
of the referenced temperature kBT /ħω0 in various cases.
We find D > 0 when the two independent heat baths have
different temperatures (the colored lines), which means
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Figure 4. The trace distance D between the steady-state den-
sity matrix of the JC system and the referenced thermal state at
the temperature T as a function of the referenced temperature
kBT /ħω0 in various cases: kBTa/ħω0 = kBTσ/ħω0 = 2 and
γσ/ω0 = γa/ω0 = 0.0001 (black solid line); kBTa/ħω0 = 1.5,
kBTσ/ħω0 = 2.5, γσ/ω0 = 0.0001, and γa/γσ = 0.5 (blue
dash-dotted line), 1 (red dashed line), and 2 (orange dotted
line).
that the steady-state density matrix ρss of the JC system
is not the density matrix ρth of a thermal state, that is,
the open JC model cannot be thermalized when the two
independent heat baths have different temperatures. For
comparison, we also plot the trace distance D (the black
solid line) when the two independent heat baths have
the same temperature kBTa/ħω0 = kBTσ/ħω0 = 2. Here,
we see D = 0 at temperature kBT /ħω0 = 2 and D > 0 for
kBT /ħω0 6= 2. The relation D = 0 means that the steady-
state density matrix ρss is a thermal state density matrix
at the same temperature as the bath temperature, which
implies that the JC model can be thermalized when the
two independent heat baths have the same temperatures.
Based on the above analyses, we can summarize that the
JC system can be thermalized in three special cases: The
two baths have the same temperatures or only one of the
two subsystems is coupled to a heat bath.
To clarify the physical mechanism of the thermaliza-
tion in this open JC system, we need to analyze the steady
state of the system, which is determined by the station-
ary solution of quantum master equation (4). From the
master equation, we can analyze the jump operators and
the physical processes induced by the system-bath inter-
action. In the system-bath interactions, we expand the
system operators σx and (a+a†) with the eigenstates of
the JC Hamiltonian. As a result, we should analyze the
transitions induced by the system-bath interactions in the
eigenstate representation of the JC Hamiltonian. In equa-
tion (4), we see that there are many transition channels
between two eigenstates in neighboring subspaces with n-
and (n+1)-excitations. In particular, these dissipators cor-
responding to all these transition channels take the form
as the Lindblad form. The Lindblad dissipators have the
structure of quantum dynamical semigroup and the sys-
tem has the property of being ergodic. For a pair of transi-
tion processes [for exampleD[|εn,βn 〉〈εn+1,αn+1 |]ρ˜(t ) and
D[|εn+1,αn+1〉〈εn,βn |]ρ˜(t) for the downward and upward
transitions], the effective transition rates are given by∑
l=σ,a 12γl (ωn,αn+1,βn )|χl ,αn+1,βn |2[n¯l (ωn,αn+1,βn )+ 1] and∑
l=σ,a 12γl (ωn,αn+1,βn )|χl ,αn+1,βn |2n¯l (ωn,αn+1,βn ). In princi-
ple, we can always define an effective temperature cor-
responding to the steady state populations of the two
eigenstates |εn,βn 〉 and |εn+1,αn+1〉 based on the downward
and upward transitions rates (using the detailed balance
condition). However, when the two baths have different
temperatures, the temperatures of each pairs of two states
are different and hence the state of the JC system cannot
be expressed as a thermal state density matrix. Only in the
above mentioned three special cases, the temperatures
corresponding to all these pairs of two states are the same
and then the JC system can be thermalized. Physically,
the thermalization is a consequence of the Kubo-Martin-
Schwinger (KMS) condition, which is satisfied in these
three special cases. [17] Note that the thermal equilibrium
in the JC model have been analyzed in the case of single
heat bath for the bosonic mode using the Heisenberg-
picture operator method. [57]
4 Quantum thermalization in the CHB
case
In this section, we study quantum thermalization of the JC
model in the CHB case, in which the TLS and the bosonic
mode are immersed in a common heat bath. In the CHB
case, the evolution of the JC system is governed by the
following quantum master equation
d
dt
ρS(t )=− iħ [HS ,ρS(t )]+LCHB[ρS(t )], (10)
where the dissipator LCHB[ρS(t )] is given by
LCHB[ρS(t )]
=
∞∑
n=0
∑
αn ,βn
∑
l=σ,a,X
1
2
γl (ωn,αn+1,βn )|χl ,αn+1,βn |2
×[n¯l (ωn,αn+1,βn )+1]D[|εn,βn 〉〈εn+1,αn+1 |]ρS(t )
+
∞∑
n=0
∑
αn ,βn
∑
l=σ,a,X
1
2
γl (ωn,αn+1,βn )|χl ,αn+1,βn |2
×n¯l (ωn,αn+1,βn )D[|εn+1,αn+1〉〈εn,βn |]ρS(t ), (11)
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with the Lindblad superoperator D[O] defined in Sec. 3.
The decay rates in equation (11) are defined by
γσ(ωn,αn+1,βn )=2pi%c (ωn,αn+1,βn )λ2(ωn,αn+1,βn ), (12a)
γa(ωn,αn+1,βn )=2pi%c (ωn,αn+1,βn )η2(ωn,αn+1,βn ), (12b)
γX (ωn,αn+1,βn )=
√
γσ(ωn,αn+1,βn )γa(ωn,αn+1,βn ), (12c)
which correspond to the dissipations through the TLS,
the bosonic mode, and the cross effect between the two
subsystems, respectively. Note that the variable %c is the
density of state of the common heat bath. The param-
eters n¯σ(ωn,αn+1,βn ) = n¯a(ωn,αn+1,βn ) = n¯X (ωn,αn+1,βn ) =
[exp(ħωn,αn+1,βn /kBT )−1]−1 are the average thermal exci-
tation numbers at the bath temperature T . The transition
coefficients χσ,αn+1,βn and χa,αn+1,βn have been defined
in Sec. 3, and the cross transition coefficient is defined
by χX ,αn+1,βn =
√
2χσ,n,αn+1χa,n,αn+1 . Based on quantum
master equation (10), we analyze the temperatures as-
sociated with these eigenstates, and find that these tem-
peratures are the same as that of the CHB, which means
that the JC model can approach a thermal equilibrium
with the CHB, namely the JC model can be thermalized in
the CHB case. Note that this is a consequence of detailed
balance condition under the relation n¯σ = n¯a = n¯X .
5 Vanishing thermal entanglement in the
thermalized JC model
In the above section, we have shown that the JC system
can be thermalized in three special IHB cases. When the
JC system is thermalized at the temperature T , its density
matrix can be written as ρth(T ) = Z−1JC exp(−βHJC) with
β= 1/(kBT ). Intuitively, the thermal entanglement should
exist in the thermalized JC system. The excited eigenstates
|εn±〉 (n ≥ 1) of the JC model are entangled states, due to
the interaction between the TLS and the bosonic mode. In
the finite-temperature cases, these eigenstates |εn±〉 (n ≥
1) will be occupied. Then the TLS and the bosonic mode
will be entangled with each other in the thermalized states.
Below we study the steady-state quantum entanglement
between the TLS and the bosonic field by calculating the
logarithmic negativity under various system parameters.
We find and show that the thermal entanglement is very
small in the JC parameter regime.
For the JC system in the density matrix ρ, the logarith-
mic negativity [58, 59] can be calculated by
N = log2 ‖ρTσ‖1, (13)
where“Tσ” denotes the partial transpose with respect
to the TLS. Below we calculate the quantum entangle-
ment of the thermalized JC system, which is in the ther-
mal state ρth(T ) = Z−1JC exp(−βHJC), where the partition
function can be calculated as ZJC = 2∑∞n=1 exp[−ħβωc (n−
1/2)]cosh(ħβΩn/2)+ eβħω0/2. In this case, the quantum
entanglement between the TLS and the bosonic field can
be analytically calculated based on Eq. (13).
When the JC system is in the thermal state ρth(T ), the
corresponding probabilities of these eigenstates |E1〉 =
|ε0,0〉, |E2n〉 = |εn−〉, and |E2n+1〉 = |εn+〉 are given by p1 =
Z−1JC e
−βE1 , p2n = Z−1JC e−βE2n , p2n+1 = Z−1JC e−βE2n+1 , n =
1,2,3, · · · , where E1 =−ħω0/2, E2n =ħωc (n−1/2)−ħΩn/2,
and E2n+1 =ħωc (n−1/2)+ħΩn/2 for n ≥ 1. To calculate
the logarithmic negativity of the thermal state, we express
the density matrix of the thermal state using the bare
states as
ρth(T ) = A0|g 〉q |0〉c〈g |q〈0|c +
∞∑
n=1
[
An |g 〉q |n〉c〈g |q〈n|c
+Bn(|g 〉q |n〉c〈e|q〈n−1|c +H.c.)
+Cn |e〉q |n−1〉c〈e|q〈n−1|c
]
, (14)
where we introduce the variables A0 = p1 and
An =sin2(θn/2)p2n+1+cos2(θn/2)p2n , (15a)
Bn =sin(θn/2)cos(θn/2)(p2n+1−p2n), (15b)
Cn =cos2(θn/2)p2n+1+ sin2(θn/2)p2n , (15c)
for n = 1,2,3, · · · . Based on Eq. (14), we can obtain the
following relation
M = (ρTσth )†ρTσth =C21 |e〉q |0〉c〈e|q〈0|c
+
∞∑
n=0
[
(A2n +B2n+1)|g 〉q |n〉c〈g |q〈n|c
+(B2n+1+C2n+2)|e〉q |n+1〉c〈e|q〈n+1|c
+Bn+1(An +Cn+2)(|g 〉q |n〉c〈e|q〈n+1|c +H.c.)
]
.(16)
If we express the operator M with these basis states
ordered by {|e,0〉, |g ,0〉, |e,1〉, |g ,1〉, |e,2〉, · · · , |g ,n〉, |e,n +
1〉, · · · }, then the operator M can be decomposed into a
direct sum of a one-dimensional matrix C21 and an infi-
nite number of 2×2 matrices, i.e., M =C21 ⊕M [1]⊕M [2]⊕
·· ·⊕M [n+1]⊕·· · . Here, the (n+1)th (n ≥ 0) 2×2 matrix is
associated with the subspace defined with the basis states
{|g ,n〉, |e,n+1〉} and it can be written as
M [n+1] =
(
A2n +B2n+1 Bn+1(An +Cn+2)
Bn+1(An +Cn+2) B2n+1+C2n+2
)
. (17)
The trace norm ‖ρTσth ‖1 can then be obtained by calculat-
ing the eigenvalues of the matrix M [n+1] in Eq. (17). For
below convenience, we denote λn+1,1 and λn+1,2 as the
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Figure 5. The logarithmic negativity N of the JC system in the
thermal state versus gr =ħgβ when s =ω0/g takes various
values: s = 1.2, 1.4, 2, and 11. Other parameter used is δ= 0.
eigenvalues of the matrix M [n+1]. Then the trace norm
can be obtained as
‖ρTσth ‖1 =C1+
∞∑
n=0
(√
λn+1,1+
√
λn+1,2
)
, (18)
which indicates that the expression of ‖ρTσth ‖1 can be ob-
tained analytically by calculating the eigenvalues of the
matrices M [n+1]. Based on Eqs. (13) and (18), the logarith-
mic negativity of the thermal state can be calculated.
In this work, we consider the case where the JC Hamil-
tonian is obtained by making the rotating-wave approxi-
mation (RWA) in the quantum Rabi model describing the
dipole interaction between a two-level atom and a single-
mode cavity field. According to the parameter space of
cavity-QED systems, the RWA is valid in both the weak-
coupling and strong-coupling regimes, in which the atom-
field coupling strength is smaller and larger than the de-
cay rates, respectively. However, when the atom-field cou-
pling strength reaches an appreciable fraction of the reso-
nance frequencies of the subsystems (atom and field),
the system enters the ultrastrong coupling regime, in
which the RWA is not valid. Based on the recent stud-
ies in the field of ultrastrong coupling, people usually
takes this bound value as g/ω0 = 1/s = 0.1. [60, 61] When
g/ω0 > 0.1 (s < 10), the parameter regime is referred as the
ultrastrong-coupling regime, [60, 61] in which the RWA [1]
is no longer justified.
In Figure 5, we plot the logarithmic negativity describ-
ing the thermal entanglement of the JC model as a func-
tion of gr =ħgβ in the resonant case δ= 0 when s =ω0/g
takes various values: s = 1.2, 1.4, 2, and 11. Here we should
point out that for the JC model, a valid parameter condi-
tion should be s > 10 such that the RWA can be justified.
It can be seen from Figure 5 that for a given s, there is an
optimal value range of gr corresponding to a large ther-
mal entanglement. On one hand, the JC system will be in
its ground state in the zero-temperature case and hence
these is no quantum entanglement in this case. On the
other hand, in the high-temperature limit, the thermal
noise will destroy quantum effect and then the quantum
entanglement will disappear in this case. For a given value
gr , we find that the logarithmic negativity is larger for a
smaller value of s. This is because quantum entanglement
will increase with the coupling between the TLS and the
bosonic mode. When the coupled system enters the JC
parameter regime (s > 10), the entanglement disappears
gradually, which means the vanishing thermal entangle-
ment in the JC model.
To show the phenomenon of vanishing thermal entan-
glement in the JC system, in the following we present an
analytical verification of this result. Mathematically, we
find that, when AnCn+2−B2n+1 ≥ 0, we have the relation√
λn+1,1+
√
λn+1,2 = An +Cn+2. (19)
Moreover, when AnCn+2−B2n+1 < 0, we have√
λn+1,1+
√
λn+1,2 =
√
(An −Cn+2)2+4B2n+1. (20)
In principle, we can obtain the logarithmic negativity
based on Eqs. (13) and (18). Below, we consider the reso-
nant JC Hamiltonian case for simplicity.
In the resonance case δ= 0, we introduce the follow-
ing function to characterize the sign of the conditional
variable Fn(gr )≡ AnCn+2−B2n+1,
Fn = cosh(
p
ngr )cosh(
p
n+2gr )− sinh2(
p
n+1gr ), (21)
where we introduce the relative coupling strength gr =
ħgβ = ħg/kBT . Obviously, Fn(gr ) is a function of n and
gr . Below, we discuss the behavior of the function Fn(gr )
when n and gr take different values. In Figure 6a, we plot
Fn(gr ) as a function of gr when n takes various values. It
can be seen that the curves move left with the increase
of n and Fn(gr ) decreases monotonically as gr increases,
and that different values of n correspond to different val-
ues of gr satisfying Fn(gr ) = 0. For a given n, we obtain
a critical value of gnrc , which is located at the cross point
between the curve Fn(gr ) and the curve Fn(gnrc ) = 0. In
particular, for n = 0 we have the critical value g 0r c ≈ 1.42.
For a lager n, a smaller value of gnrc can be obtained be-
cause the curves move left with the increase of n. The
values of these critical points are very important because
these values determine that which of the relations given
in Eqs. (19) and (20) should be used to calculate the value
of
√
λn+1,1+
√
λn+1,2.
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Figure 6. a) Fn(gr ) as a function of gr at various n. b) The
probabilities pn of the eigenstate |En〉 as functions of gr when
the JC system is in the thermal state. Other parameter used is
s = 11.
Below, we first analyze two special cases of the cou-
pling strength gr .
(i) The decoupling case: g = 0. In this case, the inequal-
ity AnCn+2−B2n+1 ≥ 0 holds for all n (n = 0, 1, 2, · · · ), then
we can calculate the trace norm with Eq. (19) as
‖ρTσth ‖1 = C1+
∞∑
n=0
(An +Cn+2)=
∞∑
n=1
pn = 1, (22)
and then the logarithmic negativity N (ρth)= log2 ‖ρTσth ‖1 =
0, which is a straightforward result: there is no thermal
entanglement in the decoupling case.
(ii) The case of gr ≥ 1.42. In this case, Fn(gr )< 0 for all
n. Then we can calculate the trace norm with Eq. (20) as
‖ρTσth ‖1 =
(p3+p2)
2
+ 1
2
{[2p1− (p5+p4)]2+4(p3−p2)2}
1
2
+
∞∑
n=1
1
2
{[(p2n+1+p2n)− (p2n+5+p2n+4)]2
+4(p2n+3−p2n+2)2}
1
2 . (23)
The above expression can be simplified by analyzing
the probability distributions pn of these eigenstates of
the JC model. By denoting s = ω0/g , then the proba-
bility of the ground state can be written as p1 = [1+∑∞
n=1 e
−gr sn(egr
p
n + e−gr
p
n)]−1, which satisfies the rela-
tion [1+1/(egr (s−1)−1)+1/(egr s−1)]−1 < p1 < [1+2/(egr s−
1)]−1. In the JC regime, we take s > 10 in the following esti-
mations. For example, when we take s = 11, we find that
p1 ≈ 1 and pn>1 ≈ 0 for gr > 1.42 (Figure 6b), then we
have ‖ρTσth ‖1 ≈ 1 according to Eq. (23). This result is un-
derstandable by analyzing the relation between the ther-
mal excitation energy the transition energy between the
ground state and the first excited eigenstate. When s > 10
and gr > 1.42, we have ħω0 > 14.2kBT . Then E2 −E1 =
ħω0−ħg = gr (s−1)kBT > 12.78kBT , which means that
the transition probability excited by the thermal noise is
negligible. The JC system will stay in its ground state |g ,0〉
and hence there is no thermal entanglement.
We now consider a general case, namely the coupling
strength 0 < gr < 1.42. In this case, there always exists
an n0 such that Fn0 (gr ) ≥ 0 and Fn0+1(gr ) < 0. Note that
the contributions corresponding to the terms n > n0 and
n ≤ n0 should be calculated with the formula (19) and (20),
respectively. Then according to Eqs. (18), (19), and (20),
we have
‖ρTσth ‖1 =
2n0+1∑
n=1
pn + 1
2
(p2n0+5+p2n0+4+p2n0+3+p2n0+2)
+
∞∑
n=n0+1
1
2
{
[(p2n+1+p2n)− (p2n+5+p2n+4)]2
+4(p2n+3−p2n+2)2
} 1
2 . (24)
In a realistic calculation, we need to truncate the Hilbert
space of the JC system up to an excitation number, denot-
ing as nmax. The value of nmax is determined by setting a
threshold value of the population pnmax for the truncation.
In our simulation, we choose pnmax = 10−20. This means
that we treat pn>nmax ≈ 0 in the calculation of the logarith-
mic negativity. In addition, for a given gr , the value of n0
can be determined according to the relations Fn0 (gr )≥ 0
and Fn0+1(gr ) < 0. Here, the value of n0 determines the
number of these 2×2 matrices which should be taken into
account in M . For the given n0, the associated M [n0+1] ma-
trix involves the basis states |g ,n0〉 and |e,n0+1〉. Here
|e,n0 + 1〉 is a basis state in the subspace with the exci-
tation number n0 + 2. For the JC model, we can deter-
mine the values of the two parameters nmax and n0, as
shown in Table 1. Here, we can see that n0 + 2 ≥ nmax,
which is also satisfied s > 11. Therefore, all the conditions
Fn≤(nmax−2)(gr )≥ 0 are satisfied, and the value of the trace
norm can be calculated within the truncated subspace as
∥∥ρTσth ∥∥1 = 12
{
2nmax+1∑
n=1
2pn − (p2nmax−1+p2nmax−2)
+ [(p2nmax−1+p2nmax−2)2
+(p2nmax+1−p2nmax )2
]1/2}
. (25)
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Table 1 This table shows the values of the involved excitation number n0+2 and the truncation dimension parameter nmax when
the relative coupling strength gr takes various values. For a given value of gr , the n0 is determined by the relations Fn0 (gr )≥ 0
and Fn0+1(gr )< 0, and the truncation dimension parameter nmax is determined by the probability threshold pn < 10−20. The
parameter s = 11 is chosen such that the RWA is justified in the JC parameter regime.
gr 0.1 0.2 0.3 0.4 0.6 0.8 1.0 1.2 1.4
n0+2 8731 1467 489 216 63 24 10 4 2
nmax 40 21 12 10 6 5 4 3 2
As the probabilities around the truncation dimension pa-
rameter nmax is negligible, we can obtain approximately
the trace norm as ‖ρTσth ‖1 '
∑2nmax+1
n=1 pn =Tr(ρth)= 1, and
then the logarithmic negativity can be obtained as N ≈ 0.
We note that the vanishing thermal entanglement is a
counterintuitive phenomenon in this system. In the reso-
nant JC Hamiltonian, the ground state is a separate state,
but all other eigenstates are entangled states. In particular,
there excited eigenstates take the form of the Bell states
(the maximal entangled states in the 2×2 Hilbert space)
in the corresponding subspaces. Intuitively, if the excited
eigenstates have non-negligible populations, consider-
able thermal entanglement will exist between the TLS and
the bosonic mode. In Figure 6b, we plot the probabilities
of these eigenstates as functions of the parameter gr in
the JC regime (s = 11). Here we can see that these excited
eigenstates have considerable populations (p2,3 ≈ 0.15,
see the inset) in a range of gr (corresponding to a moder-
ate bath temperature). However, the logarithmic negativ-
ity corresponding to the thermal state is negligible small
(N < 10−8), as shown in Figure 5. It should be mentioned
that the correlation between the two subsystems of the
JC system in the thermal state has been studied. [62] The
correlation is also very small in the JC parameter range.
6 Conclusion
In conclusion, we have studied quantum thermalization
of the JC system coupled with either two IHBs or a CHB.
We have derived two quantum master equations in the
eigenstate representation in these cases. We have ana-
lyzed the populations of these dressed states in the steady
state and calculated the temperatures associated with
these levels. In the IHB case, we have found that, when the
two IHBs have the same temperature (different tempera-
tures), the JC system can (cannot) be thermalized. When
one of the two IHBs is decoupled from the JC system, then
the JC system can be thermalized with the contacted bath.
In the CHB case, the system can always be thermalized.
In addition, we have studied the thermal entanglement
between the TLS and the bosonic field. We have found
and proved a phenomenon of vanishing thermal entan-
glement.
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